Abstract: In this paper, we propose a new kind of circular Airy beam whose spectrum is imposed an initial quadratic phase modulation (QPM). Unlike common abruptly autofocusing beams, we find that such modulated circular Airy beams (MCAB) at image plane, i.e., initial plane, may be morphed into conventional Airy patterns or Bessel-like patterns in spatial regime, depending on the magnitude of QPM. We further investigate the propagation characteristics of the MCAB both analytically and numerically. It is found that the focal intensity, as well as the size of focal spot, do not change with the QPM, but the latter greatly affects the focal trajectory and the focal position of MCAB. In particular, we show that, for the case of Airy pattern, MCAB will exhibit a dual abruptly focusing behaviors having the same focal intensity as well as size of focal spot, where there is one focus behind the image plane, and the another one is in front of it. On the other hand, for the case of Bessel-like pattern, the dual abruptly foci are simultaneously observed behind the image plane for positive QPM but in front of it for negative QPM, thus leading to the formation of an elegant optical bottle with paraboloidal shape. Such novel dual focusing behaviors are expected to be applied in the field of optical trapping and particle acceleration.
Introduction
The original research to the theoretical concept of circular Airy beams was reported by Efremidis and Christodoulides in 2011 [1] , followed soon after by their first experimental observation [2] . Up to now, it has been demonstrated that such novel beams can exhibit the unique abruptly autofocusing behavior even without invoking nonlinearities or any lenses, as well as some potential applications such as light bullets generation, small particle manipulation and other fields [3] - [5] . Therefore, the generation and manipulation of CAB in both linear and nonlinear media has received a considerable boost in the past few years [6] - [13] . For instance, Chremmos et al. first broadened the family of conventional CAB through introducing the radial sublinear-chirp, and found that such new beams can sharply concentrate optical energy after writing caustic surfaces of revolution of any desired order [6] . Further, they proposed abruptly autofocusing/autodefocusing optical beams with arbitrary caustics by employing both a radial symmetric phase mask and a lens [7] . Li et al. show that the abruptly autofocusing property can be efficiently controlled by blocking the first few optical rings of CAB [8] . Up to now, the propagation of CAB with the vectoral effect [9] , and optical vortices [10] , [11] are also proposed and observed both experimentally and theoretically. Meanwhile, to manipulate the propagation of CAB, some external physical mechanisms such as the linear potential [12] and optical lattices [13] have been introduced by some authors.
Usually, an optical beam can be generated or controlled either directly in the spatial regime or indirectly in the Fourier regime. Especially for the latter, engineering optical beams in spectral regime has been found to highlight some potential applications for generating and manipulating different families of specific laser beams, such as the reduced-side lobe Airy beams [14] , curved Bessel beams that follows desired paths [15] , and nonlinear curved beams [16] . Recently, Hu et al. further develop a more general idea of Fourier-space beam engineering along arbitrary paths, showing it possible to manipulate beam/pulse unattainable through direct real-space method or by means of temporal phase modulation [17] . Meanwhile, a method through the Fourier transform of Bessel beams has been applied to generate novel abruptly autofocusing Airy beams [18] . Jiang et al. propose a new kind of MCAB through adding an additional apodization mask in the Fourier space [19] . Very recently, in [20] Zhang et al. introduced an initial QPM into an Airy pulse in spectral regime, showing how to control the shedding solitons in optical fibers. Motivated by these foregoing researches, in this paper, we propose a new kind of MCABs based upon the Hankel transform. An initial QPM is added in the Fourier space of CAB to construct our theoretical model. Then, we will analytically and numerically analyze the propagation characteristics of such novel MCAB including focal intensity, the focal pattern, as well as the trajectory of self-acceleration et al, trying to disclose the unique behaviors different from the case of the common CAB. Numerous novel and intriguing behaviors will be found in our investigations.
Theories of Modulated Circular Airy Beam
Let us start by considering the optical diffraction of a radially symmetric wave propagating in a linear material. Under the condition of the paraxial approximation, the optical beam dynamics can be described by
where E represents the envelope of the electric field, the radial coordinate r is normalized with respect to an arbitrary transverse length x 0 , and z represents the normalized propagation with respect to the Rayleigh lengths. The dynamical behavior of an arbitrary input condition E 0 (r , 0) can be calculated according to the following forward Hankel transform
where J 0 is the zero-order Bessel function, and k is the radial spatial frequency. E 0 (k, 0) is the Hankel transform of the incident field E 0 (r , 0), and it can be obtained by using the following inverse Hankel transform:
Following the idea in [20] , in this paper we introduce an quadratic phase modulation p into the spectral regime of conventional CAB so that the corresponding spectrum of MCAB at the input plane is given as
where A i represents the Airy function, r 0 represents a parameter associated with the radius of the beam at the initial plane, and the parameter α represents the decaying factor. In (4), the decay factor ensures that the optical beam conveys finite energy, and so the experimental behavior of this wave can be realized. As is well known, the Hankel transform for CAB is not analytical although a closed form approximation has recently been derived [18] . Therefore, by substituting (4) into (2), and setting z = 0, we can only obtain the integral expression of MCAB in spatial regime. Fig. 1 numerically depicts the spatial intensity distribution of MCAB at the input plane as the function of p. One of the most striking features in Fig. 1 is that it is symmetric about the line p = 0, indicating MCAB exhibit the same intensity distribution when the absolute value of p is equal. In addition, one notes that two distinct regimes are observed, depending on the magnitude of p . One is called the regime of Airy pattern under which the intensity of MCAB exhibits the common Airy distribution for relatively small values of |p |. Another one is called the regime of Bessel-like pattern under which MCAB is morphed into Bessel-like shape for relatively big values of |p |. For the purpose of the latter analytical treatment, here, we develop an approximate but analytical expression to mimic the initial MCAB in the Airy regime. If r 0 is large enough, all the energy is essentially located far from the center. Therefore, we can approximately consider such large ring-Airy beam as quasi 1-D structure through omitting the second term on the right-hand side of (1). Basing on our previous theories of an asymmetric Airy pulse with QPM [20] , we easily derive the spatial analytical expression to mimic the initial Airy pattern corresponding to (4), which is approximately described by
From (5), we easily deduce that the radius of the main ring of Airy pattern in the Airy regime is given by
The red dashed curves in Fig. 1 plotted according to (6) represent the trajectory of the radius of the main ring, showing well agreement with numerical predictions. Further, From (6), through setting r = 0 we can analytically obtain two critical values p cr 1 = − √ r 0 and p cr 2 = √ r 0 , which can be applied to crudely distinguish between Airy and Bessel-like patterns. Such two critical values are marked by the white dashed lines in Fig. 1 . In the regime of Airy pattern (|p | < √ r 0 ), as the absolute value of p increases from zero value, one notes that the radii of the ring of Airy pattern decrease, and multipeak positions gradually shift award the inner regime, but the peak intensity almost keeps constant. When p reaches a certain value, the main energy of MACB is concentrated in a very small area around r = 0, and thus the peak intensity at the center begins to increase. In addition, during this process of enhancing the absolute value of p, one notes that the oscillations of optical tails gradually damp, and such behavior becomes more pronounced especially for optical beam with larger initial radii. On the other hand, in the regime of Bessel-like pattern (|p | > √ r 0 ), the remarkable feature observed in Fig. 1 is that MACD is morphed into the well-known Bessel-Like shape with the increase of |p |. Moreover, it can be seen that the peak intensity gradually decreases as |p | increases in this case. The radii of all external rings rapidly increase while the radii of the inner ring almost keep constant. Moreover, comparing Fig. 1(a1) to Figs. 1(a2) and (a3), we also find that large initial radius of MCAB will give rise to the appearance of more external rings. In conclusion, we introduce an phase factor p into the conventional CAB in the spectral regime, and therefore, it can provide us a new strategy to manipulate the distribution of the initial beams.
Propagation Characteristics of Modulated Circular Airy Beam

Analytical Analysis
Generally speaking, the accurate analytic expression of (2) does not exist when MCAB [see (4) ] is used to be as the input condition. In this subsection we will derive an approximate analytical solution to help us intuitively understand the unusual autofocusing properties although the accurate numerical method is welcomed in describing the dynamical behavior of optical beam. As is well known, when the CAB is accelerated toward the beam axis, its radial profile over the transverse plane keeps almost constant along the whole propagation trajectory until the focus is reached. Therefore, during the initial accelerated process, we take the approximation
in (1) since the second term on the right-hand side of (1) is not significant before focusing. Thus, substituting the derived initial condition [see (5)] into (1), we can obtain an approximate dynamics of MCAB in the regime of Airy pattern through Fourier transform as
From (7), it is easy to find that MCAB accelerates according to the parabolic trajectory given by
Based on (8), we can further obtain the two focal positions of sharply autofocus by setting r = 0 as
Equations (8) and (9) are our central result of analytical expression to this research, being the closed-form approximation. For convenience in the following description, here we denote both parameters z 1 and z 2 as the first, and second focal positions, respectively. In addition, one notes that the input plane at z = 0 experimentally corresponds to the image plane of the optical Fourier transformation system for the modulation in Fourier space of light beam. Obviously, some qualitative physical insight related with the trajectory of acceleration and the focal positions can be more directly gained from Eqs. (8), (9) , as compared to numerical solution. First, when p > 0, for the case of Airy pattern, the first focal position locates in front of the image plane and the second one locates behind it since z 1 < 0 and z 2 > 0; however, for the case of Bessel pattern, two focal positions 
simultaneously appear behind the image plane since z 1 > 0 and z 2 > 0. On the other hand, when p < 0. for the case of Airy pattern, there is one focus behind the image plane and another one in front of it since z 1 < 0 and z 2 > 0; while for the case of Bessel pattern, two focal positions simultaneously move toward the front of the image plane since z 1 < 0 and z 2 < 0. For the sake of clear comparison, we summarize the dependence of both focal positions and intensity distribution of initial MCAB on QPM, as shown in Table I . Second, the two focal positions change linearly with the variations of p. Third, the first focal position z 1 decreases monotonically with the increase of r 0 ; while the second focal position z 2 increases monotonically. Finally, the distance between two focal positions is 4 √ r 0 , independent on p; while the central position between them is 2|p |, independent on r 0 . Here, we need to stress that our prediction based on analytical expression are somewhat rude approximations, which will be further confirmed through the method of Hankel transform latter. In addition, we have to mention that (7)- (9) is only suitable for describing the dynamical behavior of MCAB before focus. When the main lobe of MCAB is close to the axis through self-acceleration, i.e., when the behavior of focus begins to occur, the approximate condition used in deriving (7) is not met. Therefore, our analytical expression [see (7)] cannot predict how optical intensity sharply changes near focal position, which will be investigated by employing the numerical method as follows.
Numerical Analysis
In this subsection, we will further discuss the propagation characteristics of MCAB based on (2) numerically. Here, we will employ the well-known quasi-discrete approach provided by GuizarSicairos and Gutiérrez-Vega [21] to calculate the Hankel transform of both (2) and (3). In the following simulations, we assume r 0 = 8, and α = 0.2, unless it is stated otherwise. We first discuss the case p > 0. For the case of Airy pattern, the first row in Fig. 2 shows the numerical evolution of MCAB as the function of propagation distance for different values of p. We also display the analytical accelerating trajectories of the main lobe marked by red dashed curve in Fig. 2 . A comparison of numerical results with analytical predictions shows good agreement each other. One of the remarkable features is that the first focal position locates in front of the image plane and another one locates behind it. With the increase of p, one notes that the former gradually shifts toward the image plane while the latter moves away from it. For z < 0, the conical energy flux of optical beam initially induces a sharp focus at the firs focal position z = z 1 . After that, the beam exhibits the outward acceleration. For z > 0, it continues to propagate in the same fashion, and so the width of main ring will gradually increase. When the size of optical beam increases up to the value as the case without considering QPM at z = z 0 , it begins to evolve according to the fashion of conventional CAB [see Fig. 2(a) ]. In other words, it begins to perform the inward acceleration at z = z 0 along a parabolic trajectory. After a certain distance of propagation it sharply autofocuses at the second focal position z = z 2 , and therefore, the peak intensity can increase by several orders of magnitude. For the case of Bessel-like pattern, the main numerical results are summarized in the second row of Fig. 2 . Meanwhile, we also try to borrow the analytical expression obtained in the regime of Airy pattern to estimate dynamical behaviors in the regime of Bessel-like pattern. It is interesting to find that the analytical and numerical results are in good agreement with each other, implying that our analytical theories derived above can be applied in the Bessellike regime. Obviously, one of the most interesting features observed in this case is that the dual abruptly foci simultaneously appear behind the image plane. Some specific analysis are given as following. Due to the conical energy flux toward the inner regime, the input beam with Bessel-like shape initially concentrates its energy, thus leading to collapses to a focus at the first focal position z = z 1 . After that, the beam experiences the outward acceleration, and then begins to perform inward acceleration at the position of dashed line z 0 , finally results in the occurrence of sharply focus at the second focal position z = z 2 through concentrating the peripheral energy into the core regime. The central position between two focal points is marked as the white dashed line z 0. . Here, of particular interest is that the evolution of optical beam leads to form a paraboloid caustic surface that collapses at two mirror-symmetric foci, with respect to the central line z 0 . Fig. 3(a1) displays a clear comparison of the profile of intensity at some representative propagation distances marked by white dashed lines in Fig. 2 , which further confirms the perfect symmetric characteristics observed during the process of optical evolution. In other words, a common CAB with an initial QPM can create an elegant optical bottle with paraboloidal intensity boundaries and an beautiful A i 2 radial dependence. Moreover, one notes the two focal positions at two closed ends (e.i.z 1 and z 2 ) are strongly affected by QPM. The bigger the value of the parameter p is, the farther the focal position is. However, our numerical results in Fig. 2 show that the length marked by L f between two focal points is estimated to be about 12, independent on p. Besides, we also present the peak intensity as the function of propagation distance in Fig. 3(a2) for the case of Airy pattern, and (a3) for the case of Bessel-like pattern. The interesting behavior observed is that the maximum focal intensity always keeps constant whatever the value of p is. Such paraboloid optical bottle is similarly reported in 18. In addition, it is worthwhile to stress that the optical bottle observed here has two completely closed ends, in sharp contrast to those generated earlier from vortex beams [22] . Therefore, we expect that our findings make MCAB more powerful for stable trapping and manipulation of optical particles.
Next, we perform some numerical and analytical experiments to further disclose several additional propagation properties of MACB. Here, we first consider the case of Bessel-like pattern. Three important physical parameters i.e. z 0 , z 1 and z 2 related with autofocusing behaviors as the function of p are numerically summarized in Fig. 4 , showing good agreement with analytical prediction. One notes that such three parameters will linearly increase with p, and increasing the value of r 0 will give rise to large z 2 , yet smaller z 1 . However, the variation of r 0 completely does not affect the central position z 0 between two focal points. Meanwhile, as discussed above, we know that the distance L f between two foci, i.e. the length of optical bottle, always keeps constant whatever the value of p is, yet it remarkably changes with the variation of r 0 . Fig. 5(a1) give the relation between L f and r 0 , which shows, the bigger the radius is, the longer the distance. Unlike QPM, the radius r 0 of main ring exerts an significant influence on the focal intensity, as shown in Fig. 5(a2) , where we plot the focal peak intensity that the beam reaches during the whole propagation as the function r 0 . It is observed that the focal peak intensity increases initially up to a critical value, but then begins to decrease as r 0 increases, implying that there exists an optimal value that can leads to the strongest intensity. The reason may be the fact that the MCAB does not carry much power for small values of r 0 , and thus the maximum intensity reached is also relatively small. However, when r 0 is too big, the unwanted diffraction effect may be enhanced at the focal plane. Finally, we discuss the dynamical behaviors of MCAB for the case of Airy pattern through changing p and r 0 . In this case, both numerical and analytical results are summarized in Fig. 6 , where we plot the z 1 (a1), z 2 (a2), and z 0 (a3) as the function of p. Just like the case of Bessel-like pattern above, it is observed that such three parameters controlling the propagation of the beam linearly increase with p. Besides, one notes that, the variation of r 0 does not affect the parameter z 0 , but increasing its value will extend the second focal position z 2 but shorten the first focal position z 1 . Similarly, we numerically find that the variation of r 0 changes the focal peak intensity in the regime of Airy pattern, as it does in the regime of Bessel pattern [see Fig. 5(a2) ]. From the above analysis we clearly see that MCAB exhibits controllable abruptly autofocusing properties through adjusting QPM, indicating it will be more useful than the common CAB in the fields of optical micromanipulation, optical trapping, and other fields.
Finally, we will discuss another case for p < 0. The numerical evolution of the intensity distribution and the corresponding analytical trajectory of self-acceleration of the main ring are summarized in Fig. 7 . Just like the case p > 0, in the regime of Airy pattern, we clearly observe that the first focal position locates in front of behind the image plane and the second one locates behind it. However, in the regime of Bessel-like pattern, the dual abruptly foci are simultaneously observed in front of the image, as opposed to the case p > 0. Meanwhile, we also investigate four important physical parameters z 0, z 1 , z 2 and L f as the function of p and r 0 through numerical and analytical techniques. showing that their behaviors in this case exhibit the same fashion as the preceding case p > 0. Therefore, we do not give the detailed discussion here. 
Conclusion
In summary, we have presented a theoretical investigation on the propagation characteristics of MCAB both numerically and analytically. We first derive an approximate analytical solution to help us intuitively predict the unusual autofocusing properties of MCAB. Then, our analytical prediction are further confirmed through the numerical method of Hankel transform. The results of our analysis show that such modulated circular Airy beams at image plane may be morphed into conventional Airy patterns or Bessel-like patterns in spatial regime, depending on the magnitude of QPM. Meanwhile, we further investigate the propagation characteristics of MCAB. It is found that the peak intensity as well as the size of focal spot do not change with the QPM; but the latter greatly affects the focal trajectory and the focal position of MCAB. In particular, we show that, for the case of Airy pattern, MCAB will exhibit a dual abruptly focusing behavior having the same focal intensity as well as size of focal spot, where there is one focus behind the image plane, and another one in front of it. On the other hand, for the case of Bessel-like pattern, the dual abruptly foci are simultaneously observed behind the image plane for positive QPM, but in front of it for negative QPM, thus leading to the formation of an elegant optical bottle with paraboloidal shape. Such dual focusing behaviors are expected to bring about new possibilities for optical trapping and guiding the acceleration of microparticle in a controllable fashion in several fields including atmospheric, biological, and optical sciences.
